Abstract. Fix integers r > s > 0. Let E be a rank r vector bundle on a smooth n-dimensional variety, n ≥ 2. Here we discuss the existence of a torsion free rank s sheaf F on X and a surjection f : E →
Introduction
We start checking the following trivial consequence of Serre vanishimg theorem (see Proposition 2) for a more general statement).
Proposition 1. Fix integers r > s ≥ 1. Let X be an integral n-dimensional projective variety and E a rank r torsion free sheaf on X. Let η(X) denote the minimal depth of the local rings O X,P for P ∈ X. Assume η(X) ≥ 2.
There are a rank s torsion free sheaf F on X and a surjection f : E → F such that the induced maps f * ,i : H i (X, E) → H i (X, F ) are bijective for all 0 ≤ i ≤ η(X) − 2. If s ≥ n and E is locally free, then we may take (F, f ) as above with F locally free.
We recall that n ≥ η(X), n = η(X) if and only if X is locally CohenMacaulay, that η(X) = n if X is smooth, and that η(X) ≥ 2 if X is smooth.
Our aim in this note is the discussion of the following question.
Question 1.
In the set-up of Proposition 1, is there a pair (F, f ) with the additional property that f * ,η(X)−1 is bijective?
We work over an algebraically closed field K.
The following result is a stronger form of Proposition 1. Proof. Since H is ample, E ⊗ R * (tH) is spanned for t 0. This implies the existence of an injective map j; R * (−tH) ⊕(r−s) → E with F := Coker(j) torsion free. If s ≥ n, an easy and well-known dimensional count gives the existence of j with F locally free at each point in which E is locally free.
Proposition 3. Fix integers r > s > 0. Let X be an integral n-dimension projective variety. Assume the existence of an ample and spanned line bundle
Then there are a rank s torsion free sheaf F on X and a surjection f : E → F such that the induced maps f * ,i are bijective for all 0 ≤ i ≤ n − 1.
Proof. Castelnuovo-Mumford's lemma gives that E ⊗ H is spanned. Hence there is an exact sequence
with F torsion free and of rank s. Apply the cohomology exact sequence associated to (1) and the assumption h i (X, H * ) = 0 for all 0 ≤ i ≤ n.
Remark 1.
In the set-up of Proposition 3 assume X smooth and char(K) = 0. Take any ample H ∈ Pic(X). We have h i (X, H * ) = 0 for 0 ≤ i ≤ n − 1 (Kodaira's vanishing). Serre duality shows tha h n (X, H * ) = 0 if and and only if h 0 (X, ω X ⊗ H) = 0. There are may varities X with κ( Fix integers c 1 , c 2 such that c 2 > 0 and c 1 ≤ 3. If c 1 = 3 , then assume c 2 ≥ 2. Fix S ⊂ P 2 such that (S) = c 2 . Since h 0 (P 2 , I S (c 1 − 3)) = 0 foe every S ⊂ S such that (S ) = (S) − 1, the Cayley-Bacharach condition is satisfied and hence there is a rank 2 vector bundle E on P 2 fitting in an exact sequence
From (1) This assumption implies h 0 (P 2 , E) = 1 and h 1 (P 2 , E) = c 2 − . Take any pair (L, f ) with L torsion free and with rank 1 and f surjective. L ∼ = I Z (x) for some x ∈ Z and some zero-dimensional Z ⊂ P 2 . Notice that Ker(f ) is locally free. Since (2), this line bundle has degree < 0. Hence we have an exact sequence
with t > 0 and Z ⊂ P 2 zero-dimensional. + 4c 1 t + 3c 1 + 3t = t 2 + 2 . The latter equality does not involve c 2 . From this equality we get t ≤ |c 1 |3. The exact sequence (3) gives the existence of a map O P 2 (−1) → E whose image is not contained in the image of the map O P 2 → E given by (2) . Hence h 0 (P 2 , I S (c 1 + t) = 0. Since t ≤ |c 1 |3, if c 1 ≤ 0, c 2 is large and S is general, we immediatly get many data (c 1 , c 2 , S) such that for all E there is no (L, f ) as above. Take for instance c 1 = 0 and hence = 1. We get t = 1. If h 0 (P 2 , I S (1)) = 0 (i.e. if c 2 ≥ 3 and not all points of S are collinear) then any map O P 2 (−1) → E has image contained in the image of the map O P 2 → E given by (2) . Hence (3) cannot exist in this case, contradiction.
Example 2.
We take the set-up of Example 1, except that now we assume c 1 > 0, c 2 ≥ (c 2 1 + 3c 2 + 2)/2 and that S ⊂ P 2 is general. Under these assumption the Cayley-bacharach condition is satified and hence we still have a vector bundle E sitting in (2) with c 1 (E) = c 1 and c 2 (E) = c 2 . Now we have h 0 (P 2 , E) = 1 and h 1 (P 2 , E) = c 2 − (c 1 + 2)(c 1 + 1)/2. E is stable. We assume the existence of (L, f ) as above and hence we get an exact sequence
